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We consider combinatorial methods for the efficient generation of near-optimal signal approximations using a min-
imal number of linear measurements. Related applications include deterministic sublinear-time approximate Fourier
algorithms [6], noise-tolerant sketching techniques for massive data sets [9], signal denoising/compression [8], and
compressed sensing techniques [2, 3] for imaging with radically reduced sensor requirements [5]. Related theoretical
results include generalized theorems concerning the complexity of matrix multiplication [7].

Consider a signal, ~x ∈ CN, which is compactly represented in some known orthonormal basis B with associated
N ×N unitary matrixΨ. We can rank the basis elements, ~b j ∈ B, from most to least able to represent ~x by∣∣∣∣〈~b1, ~x〉

∣∣∣∣ ≥ ∣∣∣∣〈~b2, ~x〉
∣∣∣∣ ≥ · · · ≥ ∣∣∣∣〈~bN, ~x〉

∣∣∣∣ . (1)

If we wish to approximate ~x using only k� N basis elements fromBwe will obtain optimal results by using~b1, . . . ,~bk
above and approximating ~x by

~xB,k =
k∑

j=1

〈~b j, ~x〉 ·~b j. (2)

Here ~xB,k is an optimal k-term non-linear approximation to ~x in terms of B. Note that finding ~xB,k is equivalent to
calculating the k-largest magnitude entries ofΨ~x.

Given a basis,B, forCN and an positive integer k� N we will discuss combinatorial constructions for rectangular
m × N measurement matrices with m � N rows. Given such a measurement matrix, Mk

B
, we will see that we can

accurately encode any signal, ~x ∈ CN, as a compressed m-length vector

~y =Mk
B
· ~x.

A related fast algorithm then can take ~y as input and output an accurate O(k)-term approximation to ~xB,k. Note that
minimizing the size of m is critical not only as a means of reducing measurement acquisition/storage costs, but also
as a means of decreasing the approximation algorithm’s runtime. Typically m is

(
k · log N

)O(1), where the constant
factors involved depend on the desired approximation error, the presence/absence of additional knowledge concerning
the input, etc.. Fast combinatorial algorithms for approximating ~xB,k typically run in O(m · log N)O(1)-time. Hence,
such fast combinatorial non-linear approximation algorithms are sublinear-time with respect to the ambient signal
dimension N.

1 Proposed Talk Outline
As above, we will begin by introducing and motivating combinatorial methods for the non-linear approximation of
signals. We will then discuss non-linear approximation algorithms motivated by combinatorial group testing [4] tech-
niques. These ideas will ultimately lead us to the following useful definition.



Definition 1. A collection, S, of subsets of [0,N) ∩ N is called k-majority selective if for all X ⊂ [0,N) ∩ N with
|X| ≤ k and all n ∈ [0,N) ∩N, more than half of the subsets S ∈ S containing n are such that S ∩ X = {n} ∩ X (i.e.,
every n ∈ [0,N) ∩N is separated from all (other) members of X in more than half of the S subsets containing n).

As we shall see, it turns out that k-majority selective collections of subsets provide noise tolerant methods for
approximating signals, ~x ∈ CN, that exhibit polynomial compressibility in a known basis B (i.e., that have

∣∣∣∣〈~b j, ~x〉
∣∣∣∣ ≤

C · j−p for some C ∈ R+ and p > 1 in Equation 1 above). However, the resulting measurement matrices have a number
of rows, m, that depends on 1

p−1 . As a result, methods based on k-majority selective collections of subsets can require
a large number of measurements to discover useful information regarding signals which are insufficiently compact
under B (e.g., are compressible with p ≈ 1).

In the final portion of our talk we will discuss more recent combinatorial methods based on unbalanced expander
graphs (e.g., see [1]). These methods are capable of quickly gathering useful signal information for signals of arbitrary
compactness (e.g., compressible with p ≈ 1) using a bounded number of measurements m =

(
k · log N

)O(1). The fol-
lowing theorem provides an example of the types of approximation guarantees enjoyed by recent unbalanced expander
based methods.

Theorem 1. (Berinde, Gilbert, Indyk, Karloff, Strauss [1]) Suppose B is a basis forRN. Given ~x ∈ RN, unbalanced
expander based algorithms may be used to approximate ~xB,k (see Equation 2) by a O(k/ε)-sparse output signal, ~aB,k,ε,
which satisfies

‖~x − ~aB,k,ε‖1 ≤ (1 + 3ε)‖~x − ~xB,k‖1.

These algorithms take input Mk
B
· ~x, where Mk

B
is an

(
k
ε · log N

)O(1)
×N matrix, and run in

(
k
ε · log N

)O(1)
-time.

Fix ε, and let Ψ be the N × N unitary matrix associated with the basis B from Theorem 1. In effect, Theorem 1
guarantees that an unbalanced expander based algorithm will locate O(k) of the dominant entries in Ψ · ~x. If Ψ · A
contains k significant entries whose values collectively dominate all others combined, then these most significant
entries will be found and their values will be well approximated. If Ψ · ~x has no dominant set of k entries, then
Theorem 1 only guarantees a O(k)-sparse representation will be returned which is trivially bounded. However, in
such cases sparse non-linear approximation is generally a hopeless task anyways, and a bounded, albeit poor, sparse
representation is the best one can expect.
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