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1. INTRODUCTION

Several random-sampling algorithms that solve problems in linear algebra have been proposed in the last
decade [3, 5]. These techniques have been used successfully in theoretical computer science and in other
application areas like machine learning. As for numerical linear algebra their impact has been limited so far.
Several new theoretical algorithms have been developed but no practical linear solver has been demonstrated.
There is still no evidence that they can replace older algorithms in general-purpose solvers like LAPACK [1],
because their theoretical analyses have been asymptotic. In addition, some of these algorithms suffer from
poor accuracy/performance tradeoff (their cost rises quickly with increased accuracy). We have engineered a
general-purpose random-sampling least-square solver that outperforms LAPACK by large factors on realistic
problem sizes while achieving similar accuracy. Our solver scales better than LAPACK’s, so the performance
difference grows with problem size. These results, shown in this abstract, suggest that random-sampling
algorithms should be incorporated into future versions of LAPACK. The full paper (and the CSC09 talk)
will also present several variations in the algorithm as well as many more performance results.

2. OVERVIEW OF THE ALGORITHM

Our algorithm minimizes large highly overdetermined systems zgpt = argmin, ||Az —b|[, where A €
R™*" and b € R™. Traditionally, A is factored using, say, a QR factorization, at a cost of ©(mn?). A simple
random-sampling approach is to factor only a randomly-selected subset of A’s rows. That is, we randomly
form an r x m sampling matrix S and factor SA = QR. This factorization cannot be used to minimize
the sum of squares, but R can be used as a preconditioner for an iterative solver like LSQR [4]. Obviously,
if r = m then SA = A and LSQR will converge in one iteration, so with enough samples, R is a good
preconditioner. How many samples do we really need?

For matrices with random independent uniform entries r = 4n usually yields a good preconditioner, but
this is not true for all matrices (e.g., one needs r = Q(m) for the m-by-n identity). It turns out that the
number of samples needed is related to the coherence of the matrix [2].

Definition 2.1. Let A be an m X n matrix and let A = UXV™ be it’s reduced SVD decomposition. The
coherence of A is defined as

p(A) = max||U.; -
The coherence of a matrix is always smaller than 1 and bigger than n/m. Note that it does not depend on
the condition number of A. Random sampling yields a good preconditioner on incoherent matrices (matrices
with small coherence). For example, if u(A) = n/m, then only ©(nlogn) rows need to be sampled to obtain
a good preconditioner. Unfortunately, we cannot always guarantee a bound on p(A) in advance.

Drineas et al. [3] suggest to address this difficulty with a row-mixing strategy: they multiply A from the
left by H = HD where D is a random diagonal matrix with 41 on it’s diagonal and H is a Hadamard matrix.
Multiplying H by A can be done in O(mnlogm) operations using the fast Walsh-Hadamard transform. It
can be shown that with high probability, u(HA) = O((n/m)logm). At this point, random sampling can be
used to form a preconditioner.
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F1GURE 3.1. Comparison between LAPACK and the new solver for increasingly larger ma-
trices. Graphs show the ratio of LAPACK’s running time to the new solver’s running time
on random matrices with two kinds of aspect ratios

To summarize, the algorithm proceeds as follows. A random diagonal matrix D with +1 on its diagonal
with equal probability is formed. The fast Walsh-Hadamard transform is applied on DA. We then sample
~wn (v is a parameter) rows from HDA to form a new matrix. A reduced QR factorization of the matrix is
found and R is used as a preconditioner for LSQR. Assuming a constant number of LSQR iterations, the
total cost is ©(mnlogm + n®) operations.

3. NUMERICAL EXPERIMENTS

We implemented the least-squares solver and conducted extensive numerical experiments. Here we report
only some of the results (the rest are reported in the full version of the paper and will be described in the talk).
The benchmark code is LAPACK’s function DGELS. The code is implemented in C and uses BLAS routines
for basic matrix operations. We set LSQR’s convergence threshold to 10~!4, which is close to €machine-
We did not set it lower to avoid stagnation of the iterative method close to convergence. We measured the
running times on a machine with two AMD Opteron 242 processors (we only used one) running at 1.6 GHz
with 8 GB of memory. Matrices were generated using MATLAB’s rand function (random indepenedent
uniform entries).

In Figure 3.1 we see running time comparison of the new solver to LAPACK for increasingly larger matrices.
Graphs show the ratio of LAPACK’s running time to the new solver’s running time. All the matrices are
well conditioned. We see that for very small matrices LAPACK is faster, but already for small matrices the
new algorithm is faster, and the ratio grows with matrix size. For large matrices the new solver is about four
times faster than LAPACK. In experiments not reported here we have found that even on highly incoherent
matrices the solver is reliable and faster than LAPACK, although by smaller factors than the results reported
in Figure 3.1.
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