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1 Introduction

Algorithms have two kinds of costs: arithmetic and communication, by which we mean either
moving data between levels of a memory hierarchy (in the sequential case) or over a network
connecting processors (in the parallel case). There are two costs associated with communication:
bandwidth (proportional to the total number of words of data moved) and latency (proportional to
the number of messages in which these words are packed and sent). For example, we may model the
cost of sending m words in a single message as a+ (3m, where « is the latency (measured in seconds)
and [ is the reciprocal bandwidth (measured in seconds per word). Depending on the technology,
either latency or bandwidth costs may be larger, often dominating the cost of arithmetic. So it is
of interest to have algorithms minimizing both communication costs.

In this paper we prove a general lower bound on the amount of data moved (i.e., bandwidth)
by a general class of algorithms, including most dense and sparse linear algebra algorithms, as well
as some graph theoretic algorithms. Our model is the result of Hong and Kung [HK81] which says
that to multiply two dense n-by-n matrices on a machine with a large slow memory (in which the
matrices initially reside) and a small fast memory of size M (too small to store the matrices, but
arithmetic may only be done on data in fast memory), Q(n3/v/M) words of data must be moved
between fast and slow memory. This lower bound is attained by a variety of “blocked” algorithms.
This lower bound may also be expressed as Q(#arithmetic_operations / v/ M) L.

This result was proven differently by Irony, Toledo and Tiskin [ITT04] and generalized to the
parallel case, where P processors multiply two n-by-n matrices. In the “memory-scalable” case,
where each processor stores the minimal O(n?/P) words of data, they obtain the lower bound

Q(#arithmetic_operations_per_processor / ,/memory_per_processor) = Q(\;gé%) = Q(%), which
n

is attained by Cannon’s algorithm [Can69] [Dem96, Lecture 11]. The paper [ITT04] also considers
the “3D” case, which does less communication by replicating the matrices and so using O(P/3)
times as much memory as the minimal possible.

Here we begin with the proof in [ITT04], which starts with the sum Cj;; = >, Aix - By,
and uses a geometric argument on the lattice of indices (7, j, k) to bound the number of updates
C;j+ = A - By that can be performed when a subset of matrix entries are in fast memory. This
proof generalizes in a number of ways: in particular it does not depend on the matrices being dense,
or the output being distinct from the input. These observations let us state and prove a general
Theorem (main theorem) that a lower bound on the number of words moved into or out of a fast or
local memory of size M is Q(#arithmetic operations / v/M ). This applies to both the sequential
case (where M is a fast memory) and the parallel case; in the parallel case further assumptions

!The sequential communication model used here is sometimes called the two-level I/O model or disk access machine
(DAM) model (see [AV8S8], [BBET07], [CR06]). Our model follows that of [HK81] and [[TTT04] in that it assumes the
block-transfer size is one word of data (B =1 in the common notation).



about whether the algorithm is memory balanced (to estimate the effective M) are needed to get
a lower bound on the overall algorithm.

We obtain a simple lower bound on latency (just the lower bound on bandwidth divided by
the largest possible message size, namely the memory size M ). Both bandwidth and latency lower
bounds apply straightforwardly to a nested memory hierarchy with more than two layers, bounding
from below the communication between any adjacent layers in the hierarchy [Sav95, BDHS09].

We present simple corollaries applying the main theorem to conventional (non-Strassen-like)
implementations of matrix multiplication and other BLAS operations [BLA, BDD™02, BDD"01]
(dense or sparse), LU factorization, Cholesky factorization and “LDL”” factorization. These fac-
torizations may also be dense or sparse, with any kind of pivoting, and be exact or “incomplete”,
e.g., ILU [Saa96] (some of these results can be also obtained, just for dense matrices, by suitable
reductions from [HK81] or [ITT04], and we point these out).

We consider lower bounds for algorithms that apply orthogonal transformations to the left
and/or right of matrices. This class includes the QR factorization, the standard algorithms for
eigenvalues and eigenvectors, and the singular value decomposition (SVD). For reasons explained
there, the counting techniques of [HKS81] and [ITT04] do not apply, so we need a different but
related lower bound argument.

We demonstrate how to extend our lower bounds to more general computations where we com-
pose a sequence of simpler linear algebra operations (like matrix multiplication, LU decomposition,
etc.), so the outputs of one operation may be inputs to later ones. If these intermediate results do
not need to be saved in slow memory, or if some inputs are given by formulas (like A(7,j) = 1/(i+7))
and so do not need to be fetched from memory, or if the final output is just a scalar (the norm
or determinant of a matrix), then it is natural to ask whether there is a better algorithm than
just using optimized versions of each operation in the sequence. We give examples where this
simple approach is optimal, and when it is not. We also exploit the natural correspondence be-
tween matrices and graphs to derive communication lower bounds for certain graph algorithms,
like All-Pairs-Shortest-Path.

Finally, we discusses attainability of these lower bounds, and open problems. Briefly, in the
dense case all the lower bounds are attainable (in the parallel case, this is modulo polylogP factors,
and assuming the minimal O(n?/P) storage per processor). The optimal algorithms for square
matrix multiplication are well known, as mentioned above. Optimal algorithms for dense LU,
Cholesky, QR, eigenvalue problems and the SVD are more recent, and not part of standard libraries
like LAPACK [ABB792] and ScaLAPACK [BCCT97|. Ouly in the case of Cholesky do we know
of a sequential algorithm that both minimizes bandwidth and latency across arbitrary levels of
memory hierarchy. No optimal algorithm is known for architecture mixing parallelism and multiple
memory hierarchies, i.e., most real architectures. Optimal “3D” algorithms for anything other
than matrix-multiplication, and optimal sparse algorithms for anything are unknown. For highly
rectangular dense matrices (e.g., matrix-vector multiplication), or for sufficiently sparse matrices,
our new lower bound is sometimes lower than the trivial lower bound (#inputs + #outputs), and
so it is not always attainable.
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